In the physical theory of crystals great formal difficulties are encountered when the exact shape of the crystal is to be taken into account. Certain methods of approximation have therefore been developed and successfully used by several authors. However, as the validity of these methods was recently questioned by Sir C. V. Raman, a more rigorous examination of the problem had to be undertaken. It is found that the old procedure is fully justified provided the number of boundary particles is small compared with the total number of particles in the crystal. In particular, it is shown that lattice sums may in general be replaced by the corresponding infinite series, and that the distribution of frequencies follows with sufficient accuracy Bom's law for cyclic crystals.
I n t r o d u c t io n
The problems treated in this paper were suggested by Professor M. Born. They are concerned with an examination of certain methods of approximation which have for some time been used in the physical theory of crystals and have generally been regarded as sound, though not rigorously proved.
However, Sir C. V. Ram an and his collaborators (1941 a, 19416; cf. also Nagendra N ath 1943) have recently questioned the validity of the hitherto accepted theory, as developed by Bom and others, and to end the controversy it seems necessary to subject the disputed points to a more careful mathematical scrutiny.
Lattice dynamics considers a crystal as a mechanical system of N mass points, which represent the nuclei of the atoms. The potential energy is obtained by averaging the total energy of the electronic motion for a given position of the nuclei. The equilibrium position of these is assumed to be a regular structure, a lattice, and most problems of lattice dynamics are concerned with small vibrations about this equilibrium. In tackling these problems the theory exploits to great advantage the regularity with which the equilibrium positions are arranged in space; indeed, its success would have been even more complete, were it not for the fact th at this regularity breaks down on the boundary of the crystal and, in certain cases, also in the interior where a rather large number of particles fails to conform to the general structure. I shall therefore distinguish between internal and boundary points according as these points are surrounded by a complete set of regular neighbours or not ( § § 3 and 8) . No detailed assumptions will be made with regard to the shape of the crystal or the position of boundary points, except th at their number shall be small compared with N . P a rt I deals with certain finite sums (lattice sums) extended over the N particles of a lattice. On account of the very great magnitude of N , these sums are very nearly equal to the corresponding infinite series (i.e. when N -> oo), which are assumed to be absolutely convergent. This would almost seem to be a mere restatem ent of the definition of convergence, but some care is required to show ( § 4) that, despite the irregularities within the lattice, the finite and infinite series always have a sufficiently great number of consecutive terms in common so that, after a proper choice of origin, the remaining terms may be neglected.
In the discussion of the frequency distribution (part II) no such transition to infinite lattices is permissible, since the problem has a meaning only for a finite number of degrees of freedom (3 Ni n the case of N particles). Ow of boundary particles a rigorous treatm ent of the frequency problem appears to be impracticable. Bom therefore modified the true boundary in accordance with his cyclic condition ( § 9) so as to preserve throughout the symmetry of the structure and of the corresponding equations. A complete solution can be obtained for this fictitious crystal, and it is reasonable to argue th a t it does not essentially differ from th a t for the actual crystal. Yet it is against this cyclic condition and its consequences th a t Ram an's criticism was mainly directed.
W ith the help of a general theorem concerning the stability of latent roots of a Hermitian matrix ( §11) I shall show th a t Bom 's statem ent with regard to the frequency distribution of a vibrating crystal is fully justified, and th a t his con clusions can be put on a rigorous basis.
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1.
Suppose th at the lattice consists of N mass points which are specified by N sets of integers
The radius vector of the point (lv l2, l3) is lx a x + Z a a 2 + a 3 w fundamental cell. The functions which occur in lattice physics are of the form
where Q -(Qv Q2t Q3) denotes a set of three independent variables and w
(Ql ) -iiQ i'^^Q z'^lsQ s-
The functions of type (2) depend only on the difference of the cell indices and are therefore independent of the origin. Both functions are periodic with respect to Qi> Qit Q& and in view of the large number of terms in the sums on the right sides of (1) and (2) it seems natural to compare them with the infinite triple Fourier series 00
respectively, whose absolute and uniform convergence will be assumed; as before* a = (ax, a 2, a 3) and (aQ) = a x Qx + a 2 A formal connexion between FN(Q) and F(Q) can be established by means of the shape function ZN(Q )~ (5) i which is itself of type (1). Let zx = 1, when a = 1, and za = 0, when oo so th at Zn(Q) = 2 za e2ni^aQ).
Now consider the integral (where dP = dP1 Thus (6) can be written in the form
An analogous relation exists between the functions GN(Q) and G(Q); it is based on the Laue factor
which is itself a function of type (2), and a similar calculation yields the result
2.
The formulae (7) and (9) hold for any value of N and for any arrangement of the N lattice points in space; but their practical usefulness is restricted by the fact th a t the actual evaluation of the sums (5) and (8) presents great difficulties except in certain cases where the lattice is of a particularly simple shape. For example, if the lattice is a parallelepiped whose edges are parallel to those of the fundamental 3 tain 2 nx + 1 ,2n2 + l,2 n 3 + 1 particles respectively (so thatJV = f l (2wr + 1)) r=l and if the centre of the parallelepiped be taken as the origin, then
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Shape functions for other cases have been calculated by v. Laue (1936) , Patterson (1939) and 6thers. In physical applications the number Ni s as a rule ve problems it is sufficient to know the asymptotic behaviour of the functions involved. More precisely, if N be treated as a parameter, it is the case which is of greatest interest. Nevertheless, the formulae are valid for any finite value of N , and upper bounds will be obtained for the differences |^(< 2 )-.F « 2 )| and |<?"(<2)-G(<2)|.
3.
I t will be found necessary to stipulate th a t the aggregate of N cells which constitute the physical lattice should satisfy the following topological condition: a lattice point (lx, l2, l3 ) is said to be an internal point if all its 33 -1 = 26 neig (^i +°i > Z2 + <r2, ^3 + < t 3) also belong to the lattice, where a x, <r2, <r3 independently take the values -1, 0, 1 with the exception of the set <rx -<r2 = <r3 = 0. Any othe boundary p o i n t * The number of boundary points in the given lattice is denoted by v; it is then supposed th a t the ratio
is a small number, i.e. roughly speaking, the measure of the surface is assumed to be small compared with the measure of the volume. This condition excludes needleshaped and laminal crystals. On the other hand we shall admit multiply-connected lattices so th at some boundary points may be due to holes or irregularities within the lattice, provided the internal surface of such sponge-like crystals does not become so great that the number of points on it is comparable with the total number of lattice points. The ratio (11) plays an im portant part in estimating the error terms of the asymptotic formulae.
4. One of the consequences of the condition introduced in the preceding section is th a t the dimensions of the maximum parallelepiped which can be inscribed in the crystal tend to infinity as N->co. More precisely, let TIr{h) be the parallelepiped containing all points Ix2lx + f2a 2+ tz a 3, where
r being a positive integer and h = (hx, h2, h3) being a the greatest integer such th a t a t least one IIn(h), w ith suitable h, can be inscribed in the lattice. I t will be shown th a t
For imagine the whole of space to be filled with parallelepipeds of type ITn+1 no two of which overlap,* and suppose th a t exactly q of them contain a t least one point of the lattice. Since by (12) there are (2 n + 3)3 lattice poin
On the other hand, each of the q parallelepipeds 77n+1 contains a t least one boundary point, because its suffix exceeds the maximum number n. Hence
N and therefore -<(2»& + 3)3 (15) which is equivalent to (13). Thus if the number (N/v) were to increase indefinitely, so would the maximum parallelepiped which can be inscribed in the crystal.
5. Now return to the special lattice sums Z N(Q) and LN(Q) defined in (5) and (8). I t will be shown th a t both these functions would become periodic '^-functions' (in Dirac's sense), if the parameter N were allowed to tend to infinity.
First consider Z N(Q ).I f F(Q) = 2 fa, e2nii-aQ)
C C~ -00 be any absolutely and uniformly convergent Fourier series whatsoever, we have by (1) and (6)
As was seen on p. 365, the topological properties of the lattice imply th a t a paral lelepiped IIn(k) can be inscribed in the crystal where is a suitable lattice point. If this point is taken as origin, the lattice sum FN(Q) may be split u p f as follows:
* That is, every lattice point in space is accounted for once and only once, t It is hoped that no misunderstanding will be caused by the abbreviations for the limits of summation: thus 1 17 " means summation over all lattice points in or on I I n, refers to all lattice points outside i 7n.
It is convenient to arrange the terms in the triple series 00 2 f a 6®**?*® a « -oo in such a way th a t the summation is carried out according to concentric shells surrounding the origin. The rth shell will be denoted by rtr and consists of the (2 r + 1 )3 -(2 r -1 )3 lattice points which lie on the surface of the parallelepiped IJr( Since the series converges absolutely and uniformly, the term s may be rearranged thUS* * 00 F(Q) = S / a e2*««<»= S S a--oo r=0 p=jTr F igure 1. Illustrating the two-dimensional case.
In the first sum onjthe right-hand side of (16) the summation index l may be replaced by p, because the whole of ITn belongs to the physical lattice. Hence
On the other hand 
The absolute convergence of the Fourier series F(Q) implies th a t the remainder term Rn is small provided N /v and therefore n is large.
Relation (19) can be written in the form
for all values of Q. By expressing FN(Q) as an integral in accordance with (6) it is seen that (19') C f (P )Z n( Q -P )A P = which may be compared with the property of the ' ^-function '
p F { P ) S ( Q -P ) d P = F(Q).
The foregoing remarks are easily extended to the case of functions of two sets of variables Q and Q'. A finite sum of the form
is to be compared with the infinite series
which may be written*
where the modulus of the second double sum is not greater than I /aa' I • As before the remainder Rn tends to zero as n tends to infinity. Since all terms of the first double sum in (21) also occur in (20), it follows th a t 00 oo 2 2 2 2
or by analogy with (19') 
I t will be shown th a t for a certain range of values of a, K(ct) is asymptotically equal to N. Consider the case in which (a) = (cr1) represents a fixed lattice point on the shell Ttx. Equation (23) then has a t least as many solutions as there are internal points in the physical lattice. For if (l') be any internal point, then by definition <n+(®*) -(*'). say, belongs to the lattice. As there are N -internal
N ext let (a) = (<r2) correspond to a lattice point on 7r2. Then
where (< f> r) and (i/r') represent certain points on ttx. There are a t least internal points (l1) in the physical lattice which have the property th a t (V) + is also an internal lattice point, and consequently (i#) + (^/) + (^r#) *s a point of the lattice (internal or otherwise). Thus Asymptotic formulae relating to the physical theory of crystals 369 where K(oc) is t he number of solutions of the equation
Let the integer n be defined by n £ J • 
where 0 < 6(ct) < 1. 
Vol. 182. A,

Now split up the sum GN(Q) and write
Gn(Q)
(1G(P)S(Q-P)dP^G(Q). Jo
7.
As an example of the foregoing method consider the following lattice sum (Born 1942, p. 404):
where the D fs are certain numerical constants. Let F(Q) = S /* e 2fft(a0) (30) a be any Fourier series which converges absolutely and uniformly and let
D(Q) = 'LD ae2n*«Q). (31)
< %
I t is required to show th a t approximately P Dn(Q, Q') F(Q') F(Q)
The integral is easily evaluated, and it is found th a t
say. The corresponding infinite series is
since a -a ' may be replaced by a single summation index which ranges from -oo to oo. Thus on using the inequality (22), viz. In the physical problem which gives rise to this lattice sum, the quantities are negligible, unless the point (/?) is fairly near the origin so th a t only comparatively few terms in 
, 2 |A -A --(« 2 |A-1 2 2 |A |.
CLCL >nnn n CL ^6 T i n j3 --CO O L > n n
the result can be written in the form
25-2 P a r t II.* D e n s it y o f f r e q u e n c ie s 8. I t was assumed in part I th a t the configuration of the N mass points was of a particularly simple nature; the structure was in fact what is known as a simple lattice. B ut the structure of a crystal is in general more complicated and m ust be regarded as the superposition of a certain number (s) of simple lattices. Thus in the usual notation (Born 1921) the radius vector of a typical point is written in the form
where rv r 2, ..., rk, ..., r s correspond to the particles of the base and where lv Z 2, l3
are integers specifying the cell. However, as far as this problem is concerned, no details of the geometrical configuration will be required, and I shall again denote the total number of particles by N .
On the other hand, it will be necessary to modify the definitions of internal and boundary points. The atomic interaction forces are such th a t each particle is per ceptibly influenced only by its more immediate neighbours, which might be called active neighbours. Accordingly, a particle will be called an internal particle, if it possesses all its active neighbours (as required by the structure of the crystal). Should one or more active neighbours be missing, the particle will be termed a boundary particle. As before, the total number of boundary particles (including those on internal boundaries) will be denoted by v, stress being laid on those cases in which the ratio vjN is small. 9. When the method of small vibrations is applied to the N particles of the crystal, the equations of motion of the ith particle can be written in the form (Born 1921, p. 574) mi*t = E iaf j xi + bfjVj + cfjZj) = 1, 2,...,
i together with two similar equations for yi and zi} there being in all 3 equations of motion for the whole crystal. The frequencies o) are obtained in the usual way by assuming that x = -a)2x, etc., and then writing down the determinantal condition th at the system of equations should have a non-trivial solution. A rigorous solution of the ensuing algebraical equation of degree 3 presents difficulties which in all but the simplest cases appear to be insurmountable. On the other hand, what is required in the physical applications is not a knowledge of the individual frequencies, but only of their density on the real axis. Born (1921, p. 587) therefore devised the following approxima te method: owing to the periodicity of the crystal the equations of motion have the same form for all internal particles, because each of these par ticles is surrounded by the same constellation of active neighbours. Only the motion of boundary particles is governed by different equations. If these irregularities are ignored, as if the crystal were cyclically closed and had no boundary particles at all, a perfectly regular system of equations would be obtained. The complete solution * A brief summary of this work was published in a letter to Nature (1943).
for this modified system was obtained by Born, and it is natural to assume th a t these changes, which affect only a comparatively small num ber of equations, cannot materially influence the distribution of frequencies, which therefore will be nearly the same for the actual crystal. I t is the object of the following pages to confirm Born's statem ent and to obtain more precise conditions for its validity.
The argument is intim ately related to a theorem of Cauchy (1829) on quadratic forms (see p. 377), but the method is independent of this theorem and could in fact easily be adapted to furnish a new proof of it. respectively. Then it can easily be deduced from (37) th a t
no m atter where the interval (a, 6) is situated. 
where
Since the characteristic equation of U 'AU is the same as th a t of A , f(x) can be evaluated by expanding the characteristic determinant of (39) with respect to the last row and column (Aitken 1939) , thus
" This formula holds for all cases including those in which some of the y 's are identical and some of the e's happen to be zero. On collecting terms which have the same denominator and omitting terms which are zero, it is seen th at
where the ji' s are distinct, each of them being equal to one of the y 's, and where t fir's are positive. Hence all conditions of the lemma are fulfilled, and if the function (40) is reduced to its lowest denominator fix )
say, it follows that, in the notation of (38), § 10,
Equation (41) implies the existence of a polynomial h(x) such th a t
Therefore if the numbers of the roots of the functions
respectively, then
I t is on this relation between the roots of a Hermitian m atrix and one of its first minors C th a t the argument will be based. Cauchy's theorem, which might easily have been deduced by the above method, goes a little further and states th a t the roots of A are separated by those of C. 
Since the latent roots of a matrix are not changed by a simultaneous permutation of its rows and columns, it is clear th a t the above result remains valid when the leading minor C is replaced by any other principal minor of order n. If the Hermitian matrices are of order n + r and have a principal minor of order n in common, but differ in the remaining r rows and columns, then by a repeated application of (44) I I t should be noted th at this property is independent of the order of the matrix.
12.
I shall now resume the discussion of the frequencies of a vibrating crystal. By (34) the squares of the 3N frequencies are obtained by solving an algebraical equation of the form where
Mi s a diagonal matrix whose elements are mv m 2, ..., mN each occurring three times. The elements of 2 V are the coefficients of the po system, which is a positive-definite quadratic form in 3 variables, viz. the 3 components of displacement of the N particles. Contrary to the usual practice of specifying the particles by means of base and cell indices, I shall simply assume th a t the 3
Nc omponents of displacement are numbered consecutively from 1 to 3 in such a way th at the first 3 (N -v) variables correspond to the i the last Zv variables correspond to the v boundary particles. Hence the last rows and columns of V represent those terms in the potential energy which are due to the interaction of boundary particles, either with themselves or with internal particles. I shall accordingly partition the matrix V thus 
where the suffixes i and 6 refer to internal and boundary particles respectively. Equation (46) is equivalent to |w2/ -A | = 0,
is a real symmetric matrix of order 3 N .The problem the latent roots of A .As has been pointed out, the rigorous solution of practicable, but by modifying some of the terms in accordance with the cyclic condition one can obtain a matrix whose latent roots can be calculated. Since A and B differ only in their last rows and columns, the theorem of § 10 can be applied with the inference that 
Hence, just as in part I, the conclusion is reached th a t the boundary particles have only a negligible influence on the density of frequencies provided the critical ratio v/N is sufficiently small. I should like to take this opportunity of expressing my sincere thanks to Professor Born for acquainting me with these problems and for the kind interest he has shown in my work.
